Abstract. We discuss a difference between the rational and the real non-vanishing conjecture for pseudo-effective log canonical divisors of log canonical pairs. We also show the log nonvanishing theorem for rationally connected varieties under assuming Shokurov's ACC conjectures.
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Notation 1.6. A variety X/Z means that a quasi-projective normal variety X is projective over a quasi-projective variety Z. A rational map f : X Y/Z denotes a rational map X Y over Z. For a contracting birational map X Y/Z and an R-Weil divisor D on X, an R-Weil divisor D Y means the strict transform of D on Y.

On the existence of minimal models after Birkar
In this section we introduce the definitions of minimal models in the sense of Birkar-Shokurov and some results on the existence of minimal models after Birkar. [KoM] and [BCHM] . See [B1, Remark 2.6 ].
3. Proof of Theorem 1.5
In this section, we give the proof of Theorem 1.5. The proof of following lemma is essentially same as the proof of [DHP, Proposition 8.7] .
Lemma 3.1 (cf. [DHP, Proposition 8.7] 
Then there exists a contracting birational map ϕ : X X ′ such that there exists a projective morphism f ′ : X ′ → Z with connected fibers satisfying:
is f ′ -ample for some i, and
are the strict transform of ∆ and
is also not pseudo-effective for every non-negative number x < 1. For any i and non-negative number x < 1, we can take a Mori fiber space f x,i : Y x,i → Z x,i of (X, ∆ i + xΓ i ) by [BCHM] . Then there exists a positive number η x,i such that
is pseudo-effective.
Claim 3.2. When we consider an increasing sequence {x j } such that
Assume by contradiction that l j,i < 1 for some infinitely many j. Fix such an index j 0 . Then we take a j 1 such that l j 1 ,i < 1 and l j 0 ,i < x j 1 < 1. Since l j 1 ,i < 1, we take l j 1 ,i < x j 2 < 1. By repeating, we construct increasing sequences {x j k } k and {l j k ,i } k . Actually this is a contradiction to Conjecture 1.4.
Thus, for any i, there exists non-negative number y i < 1 such that
Then we see the following:
Proof of Claim 3.3. We can take a subsequence {y k j } of {y i } such that
since Ω i → ∆ when i → ∞. From Conjecture 1.3, by taking a subsequence again, we may assume that it holds that
for a general fiber 
Thus we construct such a model as in Lemma 3.1.
Remark 3.4. We do not know whether the above birational map ϕ is (K X + ∆)-non-positive or not.
Proof of Theorem 1.5. We will show it by induction on dimension. In particular we may assume that Conjecture 1.2 in the case where the dimension ≤ n − 1 and K = R holds. Now we may assume that (X, ∆) is a Q-factorial divisorial log terminal pair due to a dlt blow-up (cf. 
Case 1. (X, ∆) is kawamata log terminal and ∆ is an R-divisor.
Proof of Case 1. We may assume that we can take a sequence of effective Q-divisors {∆ i } such that ∆ i ≤ ∆ i+1 , K X + ∆ i is not pseudo-effective for any i ≥ 0, and lim
By Lemma 3.1, we can take a contracting birational map ϕ : X X ′ such that there exists a projective morphism f ′ : X ′ → Z with connected fibers satisfying:
is f ′ -ample for some i, and (4) dim X > dim Z,
are the strict transform of ∆ and ∆ i on X ′ . By taking resolution of ϕ, we may assume that ϕ is morphism. Thus we see that κ σ ((K X + ∆)| F ) = 0 for a general fiber of f ′ • ϕ, where κ σ (·) is the numerical dimension (cf. [N] and [Leh2] ). When dim Z = 0, we see that κ σ (K X + ∆) = 0. Then, from the abundance theorem of numerical Kodaira dimension zero for R-divisors (cf. [A, Theorem 4.2] , [N, V, 4.9 . Corollary], [D, Corollaire 3.4] , [Ka] , [CKP] , and [G, Theorem 1.3 
. By the hypothesis on induction, we can take an effective divisor
Next we show Theorem 1.5 in the case where (X, ∆) is divisorial log terminal and ∆ is an R-divisor.
Case 2. (X, ∆) is divisorial log terminal and ∆ is an R-divisor.
Proof of Case 2. We take a decreasing sequence {ǫ i } of positive numbers such that lim i→∞ ǫ i = 0. Let S = S k or 0 be the reduced part of ∆, S k its components, and ∆ i = ∆ − ǫ i S. We show Theorem 1.5 by induction on the number r of the components of S. If r = 0, Case 1 implies Conjecture 1.2 for K X + ∆. When r > 0, we may assume that K X + ∆ i is not pseudo-effective from Case 1 and K X + ∆ − δS k is not pseudo-effective for any k and δ > 0. Then by Lemma 3.1 we can take a contracting birational map ϕ : X X ′ such that there exists a projective morphism f ′ : X ′ → Z with connected fibers satisfying:
are the strict transform of ∆ and ∆ i on X ′ . Take log resolutions p : W → X of (X, ∆) and q :
where E is an effective divisor such that E has no common components with Γ. Set the strict transform S k and S of S k and S respectively on W. 
is also pseudo-effective. But this is a contradiction to the assumption of (X, ∆). Thus we see that any S k dose not contract by the birational map
By hypothesis of the induction on dimension, there exists an effective R-divisor D T k on T k such that
This implies the non-vanishing of K X + ∆.
We finish the proof of Theorem 1.5.
Log non-vanishing theorem for rationally connected varieties
From the same argument as the proof of Case 1 we see the following theorem: Proof. We show by induction on dimension. First, we may assume that X is smooth by taking a log resolution of (X, ∆). From [DHP, Proposition 8.7] , the pseudo-effective threshold of ∆ for K X is also a rational number. Thus we may assume that K X +∆−ǫ∆ is not pseudoeffective for any positive number ǫ. We take a decreasing sequence {ǫ i } of positive numbers such that lim i→∞ ǫ i = 0. Let ∆ i = ∆ − ǫ i ∆. Then, by the same argument as the proof of Case 1, we may assume that there exists a projective morphism f : X → Z of connected fibers to normal variety Z such that κ σ ((K X + ∆)| F ) = 0 for a general fiber F of f and dim X > dim Z. Moreover we see that Z is also a rationally connected variety. Then we see that Theorem 4.1 by [GL, Lemma 4.4] (cf. [Lai] ) and the hypothesis of induction.
